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SIGNATURES OF HERMITIAN FORMS AND “PRIME IDEALS” OF WITT
GROUPS
VINCENT ASTIER AND THOMAS UNGER
School of Mathematical Sciences
University College Dublin
Belfield, Dublin 4, Ireland
Abstract. In this paper a further study is made of H-signatures of hermitian forms,
introduced previously by the authors. It is shown that a tuple of reference forms H
may be replaced by a single form and that the H-signature is invariant under Morita
equivalence of algebras with involution. The “prime ideals” of the Witt group are
studied, obtaining results that are analogues of the classification of prime ideals of
the Witt ring by Harrison and Lorenz-Leicht. It follows that H-signatures canonically
correspond to morphisms into the integers.
Key words. Central simple algebra, involution, hermitian form, signature, Witt group,
Morita equivalence
1. Introduction
Let F be a formally real field and let (A, σ) be an F-algebra with involution. In [1]
the notion of H-signature signHP h of a hermitian form h over (A, σ) with respect to an
ordering P on F is defined. This is a refinement of the definition of signature signP h
in [3]. Both signatures are defined via scalar extension to a real closure FP of F at P,
followed by an application of Morita theory, which reduces the computation to what
essentially is the case of classical signatures of quadratic forms.
Pfister’s local-global principle holds for both signatures since signP h = 0 if and
only if signHP h = 0, see [14], and the Knebusch trace formula holds for H-signatures,
see [1].
Both signHP and signP should be considered as relative invariants of forms in the
sense that knowledge about the non-triviality of the signature of some fixed reference
form(s) is needed in order to compute the signature of an arbitrary form. In [3] this
reference form is taken to be the unit form 〈1〉σ. As was demonstrated in [1, 3.11],
signP〈1〉σ = 0 whenever σ becomes hyperbolic over the extended algebra A ⊗F FP
and thus 〈1〉σ cannot be used as a reference form in this case. In [1, 6.4] the existence
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of a finite tuple H of reference forms was established that does not suffer from this
problem.
After recalling some definitions and properties, we show in this paper that the tu-
ple H can be replaced by just one reference form that has non-zero H-signature with
respect to all relevant orderings on F. In the remainder of the paper we show that
H-signatures are invariant under Morita equivalence of F-algebras with involution and
we study the “prime ideals” of the Witt group W(A, σ), obtaining results that are ana-
logues of the classification of prime ideals of the Witt ring W(F) by Harrison [8] and
Lorenz and Leicht [16]. As a consequence we show that H-signatures are a canonical
notion in the sense that they can be identified with a natural set of morphisms from
W(A, σ) to Z.
2. Notation
We give a brief overview of the notation we use and refer to the standard references
[10], [11], [12] and [19] as well as to [1] for the details.
Let F be a field of characteristic different from 2. We write W(F) for the Witt ring of
Witt equivalence classes of quadratic forms over F and I(F) for its fundamental ideal.
By an F-algebra with involution we mean a pair (A, σ) where A is a finite-di-
mensional F-algebra, whose centre Z(A) satisfies [Z(A) : F] =: κ ≤ 2, and which
is assumed to be either simple (if Z(A) is a field) or a direct product of two sim-
ple algebras (if Z(A) = F × F) and σ : A → A is an F-linear involution. Let
Sym(A, σ) = {a ∈ A | σ(a) = a} and Sym(A, σ)× = Sym(A, σ) ∩ A× denote the
set of symmetric elements and the set of invertible symmetric elements in A with re-
spect to σ, respectively. When κ = 1, we say that σ is of the first kind. When κ = 2,
we say that σ is of the second kind (or unitary). Assume κ = 1 and dimF A = m2 ∈ N.
Then σ is orthogonal or symplectic if dimF Sym(A, σ) = m(m + 1)/2 or m(m − 1)/2,
respectively.
For ε ∈ {−1, 1} we write Wε(A, σ) for the Witt group of Witt equivalence classes of
ε-hermitian forms h : M × M → A, defined on finitely generated right A-modules M.
All forms in this paper are assumed to be non-singular and are identified with their
Witt equivalence classes, unless indicated otherwise. We write + for the sum in both
W(F) and Wε(A, σ). The group Wε(A, σ) is a W(F)-module and we denote the product
of q ∈ W(F) and h ∈ Wε(A, σ) by q · h.
From the structure theory of F-algebras with involution it follows that A is isomor-
phic to a full matrix algebra Mn(D) for a unique n ∈ N and an F-division algebra D
(unique up to isomorphism), equipped with an involution ϑ of the same kind as σ.
Then (A, σ) and (D, ϑ) are Morita equivalent, which yields a (non-canonical) isomor-
phism Wε(A, σ)  Wεµ(D, ϑ) where µ ∈ {−1, 1}. For the purpose of this paper (the
study of signatures) and without loss of generality we may assume that ε = µ = 1, cf.
[1, 2.1] and thus only consider hermitian forms over (A, σ).
Let h : M × M → A be a hermitian form over (A, σ). By Wedderburn theory, M
decomposes into a direct sum of simple right A-modules that are all isomorphic to Dn,
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M  (Dn)k, for some k ∈ N which we call the rank of h, denoted rank h. The rank of h
is invariant under Morita equivalence, cf. [2, 2.1] or [6, §3.2.1].
For ℓ ∈ N, diagonal forms on the free A-module Aℓ are denoted by 〈a1, . . . , aℓ〉σ
with a1, . . . , aℓ ∈ Sym(A, σ)×. We call ℓ the dimension of the form. Note that the rank
of this form is equal to ℓn and that its dimension may not be invariant under Morita
equivalence. If A is a division algebra, all hermitian forms can be expressed up to
isometry in diagonal form and rank and dimension are equal.
Assume now that F is a formally real field with space of orderings XF. Let P ∈ XF ,
let FP denote a real closure of F at P and consider
W(A, σ) // W(A ⊗F FP, σ ⊗ id) M // Wε(DP, ϑP)
signP // Z, (1)
where the first map is induced by scalar extension, the second map is the isomorphism
of W(FP)-modules induced by Morita equivalence and
• signP is the classical signature isomorphism if ε = 1 and (DP, ϑP) ∈ {(FP, id),
(FP(
√
−1),−), ((−1,−1)FP ,−)} (where − denotes conjugation and quaternion
conjugation, respectively);
• signP ≡ 0 if ε = −1 and (DP, ϑP) ∈ {(FP, id), ((−1,−1)FP ,−), ((−1,−1)FP ×
(−1,−1)FP , )̂, (FP × FP, )̂} (wherê denotes the exchange involution).
We call Nil[A, σ] := {P ∈ XF | signP ≡ 0} the set of nil-orderings of (A, σ). It depends
only on the Brauer class of A and the type of σ (orthogonal, symplectic or unitary). In
addition it is clopen in XF [1, 6.5]. Let X˜F := XF \ Nil[A, σ]. We recall the definition
of M-signatures and H-signatures, cf. [1, 3.2, 3.9]:
Definition 2.1. Let h ∈ W(A, σ), P ∈ XF and M be as in (1). The M-signature of h at
(P,M ) is defined by signMP h := signP M (h ⊗ FP) and is independent of the choice of
FP (by [1, 3.3]).
If we choose a different Morita map M ′ in (1), then signM ′P h = ± signMP h, cf. [1,
3.4], which prompts the question if there is a way to make the M-signature independent
of the choice of Morita equivalence.
Definition 2.2. A finite tuple (h1, . . . , hs) of hermitian forms over (A, σ) is called a
tuple of reference forms if for every P ∈ X˜F and Morita map M as in (1) there exists
i ∈ {1, . . . , s} such that signMP hi , 0.
It follows from [1, 6.4] that:
Theorem 2.3. There exists a tuple H = (h1, . . . , hs) of reference forms over (A, σ) such
that hi is a diagonal hermitian form of dimension one for all i ∈ {1, . . . , s}.
Corollary 2.4. There exists a tuple H = (h1, . . . , hr) of reference forms over (A, σ)
such that hi is a hermitian form of rank one for all i ∈ {1, . . . , r}.
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Proof. Let P ∈ X˜F. Then some form in W(A, σ) has non-zero H-signature at P. There-
fore some form hP of rank one has non-zero H-signature at P, since W(A, σ) is gener-
ated additively by forms of rank one. We may assume that signHP hP > 0 and thus
X˜F =
⋃
P∈X˜F
{Q ∈ X˜F | signHQ hP > 0} =
r⋃
i=1
{Q ∈ X˜F | signHQ hi > 0},
by compactness of X˜F and continuity of the maps signH hP (cf. [1, 7.2]) and where the
hi have rank one.
Definition 2.5. Let H = (h1, . . . , hs) be a tuple of reference forms over (A, σ). Let h ∈
W(A, σ) and P ∈ XF . We define the H-signature of h at P as follows: If P ∈ Nil[A, σ],
define signHP h := 0. If P < Nil[A, σ], let i ∈ {1, . . . , s} be the least integer such that
signMP hi , 0, let δ ∈ {−1, 1} be the sign of signMP hi and define
signHP h := δ signMP h.
The H-signature at P, signHP : W(A, σ) → Z, is independent of the choice of Morita
equivalence M and is a refinement of the definition of signature in [3], the latter not
being defined when σ becomes hyperbolic over A⊗F FP, cf. [1, 3.11]. It is a morphism
of additive groups that respects the W(F)-module structure of W(A, σ), cf. [1, 3.6].
Note that if h0 is such that signHP h0 , 0 for every P ∈ X˜F , then h0 is a reference form
and sign(h0)P h0 > 0 for every P ∈ X˜F .
We remark that (2.5) is slightly more general than [1, 3.9], where the definition
was given only for reference tuples consisting of diagonal forms of dimension one. In
the next section we will show that any tuple H of reference forms over (A, σ) can be
replaced by just one reference form h0 such that signHP h = sign(h0)P h for all h ∈ W(A, σ)
and all P ∈ XF .
We finish this section by listing some properties of H-signatures:
Theorem 2.6.
(i) Let h be a hyperbolic form over (A, σ), then signHP h = 0.
(ii) Let h1, h2 ∈ W(A, σ), then signHP (h1 ⊥ h2) = signHP h1 + signHP h2.
(iii) Let h ∈ W(A, σ) and q ∈ W(F), then signHP (q · h) = signP q · signHP h.
(iv) Let h ∈ W(A, σ). The total H-signature of h, signH h : XF → Z, P 7→ signHP h, is
continuous.
(v) (Pfister’s local-global principle) Let h ∈ W(A, σ). Then h is a torsion form if and
only if signHP h = 0 for all P ∈ XF .
(vi) (Going-up) Let h ∈ W(A, σ) and let L/F be an algebraic extension of ordered
fields. Then
signH⊗LQ (h ⊗ L) = signHQ∩F h
for all Q ∈ XL.
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(vii) (Going-down: Knebusch trace formula) Let L/F be a finite extension of ordered
fields and assume P ∈ XF extends to L. Let h ∈ W(A ⊗F L, σ ⊗ id). Then
signHP (Tr∗A⊗F Lh) =
∑
P⊆Q∈XL
signH⊗LQ h,
where Tr∗A⊗F Lh denotes the Scharlau transfer induced by the A-linear homomor-
phism idA ⊗ TrL/F : A ⊗F L → A.
Proof. See [14, 4.1] for (v) and [1, 3.6, 7.2, 8.1] for the other statements, except for
(vi) which is contained implicitly in [1]. For (vi) it suffices to provide an argument for
M-signatures: let h ∈ W(A, σ) and let P = Q ∩ F, then
signMQ (h ⊗ L) = sign M
((h ⊗ L) ⊗ LQ) = sign M (h ⊗ LQ) = signMP h,
where LQ is a real closure of L at Q and therefore a real closure of F at P.
3. A Reference Tuple of Length One
We equip XF with the Harrison topology and Z and {−1, 1} each with the discrete
topology.
Lemma 3.1. Let H be any tuple of reference forms over (A, σ), let h1, . . . , hℓ be her-
mitian forms over (A, σ) and let
V = {P ∈ XF | ∃i ∈ {1, . . . , ℓ} such that signHP hi , 0}.
Then there exists a hermitian form h over (A, σ) such that
V = {P ∈ XF | signHP h , 0}.
Proof. By induction on ℓ. The case ℓ = 1 is clear. Assume that ℓ > 1 and let
V ′ = {P ∈ XF | ∃i ∈ {1, . . . , ℓ − 1} such that signHP hi , 0}.
By induction there exists a hermitian form h′ such that V ′ = {P ∈ XF | signHP h′ , 0}.
Note that V ′ is clopen in XF since the total signature map signH h′ is continuous [1,
7.2]. Thus, by [12, VIII, 6.10] there exists a quadratic form q over F such that {P ∈
XF | signP q = 0} = V ′. Let
h := h′ + q · hℓ.
Let P ∈ V . We have to consider two cases:
• P ∈ V ′. Then signHP h′ , 0 while signP q = 0. Thus signHP h = signHP h′ +
(signP q)(signHP hℓ) , 0.
• P ∈ V \ V ′. Then signHP h′ = 0 and signP q , 0. We also have signHP hℓ , 0 by
definition of V . Therefore signHP h , 0.
We conclude that V ⊆ {P ∈ XF | signHP h , 0}. For the reverse inclusion, let P ∈ XF
be such that signHP h , 0. If signHP h′ , 0, then P ∈ V ′ ⊆ V . If signHP h′ = 0 then
signHP (q · hℓ) , 0, which implies signHP hℓ , 0 and thus P ∈ V .
Proposition 3.2. Let H = (h1, . . . , hs) be a tuple of reference forms over (A, σ). There
exists a hermitian form h0 over (A, σ) such that signHP h0 > 0 for every P ∈ X˜F.
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Proof. For every P ∈ X˜F one of signHP h1, . . . , signHP hs is non-zero. Therefore
X˜F = {P ∈ XF | ∃i ∈ {1, . . . , s} such that signHP hi , 0}
and by (3.1) there exists a hermitian form h′ over (A, σ) such that signHP h′ , 0 for every
P ∈ X˜F . Consider the disjoint clopen subsets S := {P ∈ XF | signHP h′ > 0} ∪ Nil[A, σ]
and T := {P ∈ XF | signHP h′ < 0} of XF . The function f : XF → Z defined by f = 1
on S and f = −1 on T is continuous, so by [12, VIII, 6.9] there exists a quadratic
form q over F such that sign q > 0 on S and sign q < 0 on T . Let h0 = q · h′. Then
signHP h0 > 0 for every P ∈ X˜F .
The forms h1, . . . , hs in (2.3) are diagonal. Thus the form h0 in (3.2) can also be
chosen to be diagonal, which can be seen from the proof of (3.1).
Proposition 3.3. Let H be a tuple of reference forms over (A, σ).
(i) Let h0 be as in (3.2). Then signH = sign(h0).
(ii) Let f be a continuous map from XF to {−1, 1}. There exists h f ∈ W(A, σ) such
that sign(h f ) = f · signH.
(iii) Let H′ be another tuple of reference forms over (A, σ). There exists a continuous
map f from XF to {−1, 1} such that signH′ = f · signH.
Proof. (i) By (3.2) there exists h0 ∈ W(A, σ) such that signHP h0 > 0 for all P ∈ X˜F . Let
h ∈ W(A, σ). Considering that, for a given P ∈ XF , signHP is a special case of signMP ,
the definition of sign(h0)P h given in (2.5) can be expressed as follows:
sign(h0)P h =

signHP h if P ∈ X˜F ,
0 if P ∈ Nil[A, σ],
which proves the result.
(ii) By (i) there exists h0 ∈ W(A, σ) such that sign(h0) = signH with signHP h0 > 0
for every P ∈ X˜F . By [12, VIII, 6.9] there exists a quadratic form q over F such that
sign q > 0 on f −1(1) and sign q < 0 on f −1(−1). Let h f = q · h0. Then for h ∈ W(A, σ)
we have
sign(h f )P h =

signHP h if signHP (q · h0) > 0, i.e. if f (P) = 1
− signHP h if signHP (q · h0) < 0, i.e. if f (P) = −1
= f (P) signHP (h).
(iii) Let P ∈ X˜F . By [1, 3.4] there exists δ ∈ {−1, 1} such that signHP = δ signH
′
P .
Let h0 ∈ W(A, σ) be such that signH = sign(h0). Then signHP h0 > 0 and signHP h0 =
δ signH′P h0, so δ = sgn
(
signH′P (h0)
)
, where sgn denotes the sign function. Define f :
XF → {−1, 1} by
f (P) =

sgn
(
signH′P (h0)
)
if P ∈ X˜F,
1 if P ∈ Nil[A, σ].
Then f is continuous and signH = f · signH′ .
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4. Behaviour underMorita Equivalence
Lemma 4.1. Let (A, σ) and (B, τ) be F-algebras with involution. Let L/F be a field
extension. Any Morita equivalence of (A, σ) and (B, τ) extends to a Morita equivalence
of (A ⊗F L, σ ⊗ id) and (B ⊗F L, τ ⊗ id) and the induced diagram of Witt groups (i.e.
where the horizontal maps are the isomorphisms induced by the Morita equivalences
and the vertical maps are the canonical scalar extension maps)
Wε(A ⊗F L, σ ⊗ id) ∼ // Wεµ(B ⊗F L, τ ⊗ id)
Wε(A, σ) ∼ //
OO
Wεµ(B, τ)
OO
(2)
commutes. Here µ = −1 if σ and τ are of the first kind and opposite type and µ = 1
otherwise.
Proof. Let ((A, σ), (B, τ), M, N, f , g, ν) be a tuple of Morita equivalence data. In other
words (cf. [5] and [6, Chap. 2]), M is an A-B bimodule, N a B-A bimodule, f : M ⊗B
N → A and g : N ⊗A M → B are bimodule homomorphisms (in fact, isomorphisms;
cf. [5] and [6, Chap. 2]) that are associative in the sense that
f (m ⊗ n) · m′ = m · g(n ⊗ m′),
g(n ⊗ m) · n′ = n · f (m ⊗ n′)
for all m,m′ ∈ M, n, n′ ∈ N and ν : M → N is an F-linear bijective map such that
ν(amb) = τ(b)ν(m)σ(a), for all a ∈ A, b ∈ B,m ∈ M. By [5, 1.2], N is isomorphic to
HomB(M, B), and we must also require that the map M × M → B, (x, y) 7→ [ν(x)](y) is
a hermitian form over (B, τ), as pointed out in [4, §1.3, §1.5].
Consider the tuple ((A ⊗F L, σ ⊗ id), (B ⊗F L, τ ⊗ id), M ⊗F L, N ⊗F L, fL, gL, νL)
canonically induced by scalar extension from F to L. It is not difficult to verify that it
is again a tuple of Morita equivalence data.
We then have isomorphisms of F-algebras with involution (cf. [5] and [6, Chap. 2])
(A, σ)  (EndB(M), adb0) and (A ⊗F L, σ ⊗ id)  (EndB⊗L(M ⊗F L), adb0′), where
b0 : M × M −→ B, (m,m′) 7−→ g(ν(m) ⊗ m′)
and
b0′ : (M ⊗F L) × (M ⊗F L) −→ B ⊗F L, (w,w′) 7−→ gL(νL(w) ⊗ w′)
are µ-hermitian forms over (B, τ) and (B ⊗F L, τ ⊗ id), respectively, and where in fact
b0′ = b0 ⊗ L, as can easily be verified. The horizontal isomorphisms in (2) are given
by
Wε(A, σ) ∼−→ Wεµ(B, τ), (P, b) 7−→ (P ⊗A M, b0b)
and
Wε(A ⊗F L, σ ⊗ id) ∼−→ Wεµ(B ⊗F L, τ ⊗ id), (P′, b′) 7−→ (P′ ⊗A⊗L (M ⊗F L), b0′b′),
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where
b0b(p ⊗ m, p′ ⊗ m′) := b0(m, b(p, p′)m′) for all m,m′ ∈ M, p, p′ ∈ P
and
b0′b′(p ⊗ w, p′ ⊗ w′) := b0′(w, b′(p, p′)w′) for all w,w′ ∈ M ⊗F L, p, p′ ∈ P′.
Now let (P, b) ∈ Wε(A, σ). It follows from a straightforward computation that((P ⊗A M) ⊗F L, (b0b) ⊗ L) = ((P ⊗F L) ⊗A⊗L (M ⊗F L), b0′(b ⊗ L))
and we conclude that the diagram (2) commutes.
Theorem 4.2. Let (A, σ) and (B, τ) be Morita equivalent F-algebras with involution
and assume that σ and τ are of the same kind and type. Let ζ : W(A, σ) ∼−→ W(B, τ)
be the induced isomorphism of Witt groups. Then
signHP h = sign
ζ(H)
P ζ(h)
for all h ∈ W(A, σ) and all P ∈ XF .
Proof. If P ∈ Nil[A, σ] = Nil[B, τ] there is nothing to prove. Thus assume that P ∈ X˜F .
By (3.3) we may assume that H = (h0). Then (4.1) gives a Morita equivalence of
(AP, σP) := (A ⊗F FP, σ ⊗ id) and (BP, τP) := (B ⊗F FP, τ ⊗ id) such that the induced
isomorphism ξ : W(AP, σP) ∼−→ W(BP, τP) makes the diagram
W(AP, σP) ξ∼ // W(BP, τP)
W(A, σ) ζ∼ //
OO
W(B, τ)
OO
(where the vertical arrows are the canonical scalar extension maps) commute. Now
(AP, σP) is Morita equivalent to an F-algebra with involution (DP, ϑP) as in (1) (with
ε = 1 since P < Nil[A, σ]) and we have an induced isomorphism
M1 : W(AP, σP) ∼−→ W(DP, ϑP).
Hence (BP, τP) is Morita equivalent to (DP, ϑP) via the equivalences that induce ξ−1
and M1 and we obtain an induced isomorphism
M2 := M1 ◦ ξ−1 : W(BP, τP) ∼−→ W(DP, ϑP).
It follows that the diagram
W(A, σ)
ζ

// W(AP, σP)
ξ

M1 // W(DP, ϑP)
signP // Z
W(B, τ) // W(BP, τP)
M2
77
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
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commutes. Let h ∈ W(A, σ). Then
signHP h = sgn
(
signP M1(h0 ⊗ FP)
) · signP M1(h ⊗ FP)
= sgn
(
signP M2(ζ(h0) ⊗ FP)
) · signP M2(ζ(h) ⊗ FP)
= signζ(H)P ζ(h).
5. m-Ideals ofModules
Let (A, σ) be an F-algebra with involution. We want to extend to W(A, σ) the well-
known classification of all prime ideals of W(F) in terms of the kernels of the signature
maps. We take some moments to look at the properties of ker signHP for P ∈ XF, inside
W(A, σ) considered as a W(F)-module. It follows from [1, 3.6] that
(1) (ker signP) · W(A, σ) ⊆ ker signHP ;
(2) W(F) · ker signHP ⊆ ker signHP ;
(3) for every q ∈ W(F) and every h ∈ W(A, σ), q · h ∈ ker signHP implies that
q ∈ ker signP or h ∈ ker signHP .
These properties motivate the following
Definition 5.1. Let R be a commutative ring and let M be an R-module. An m-ideal
of M is a pair (I, N) where I is an ideal of R, N is a submodule of M, and such that
I · M ⊆ N.
An m-ideal (I, N) of M is prime if I is a prime ideal of R (we assume that all prime
ideals are proper), N is a proper submodule of M, and for every r ∈ R and m ∈ M,
r · m ∈ N implies that r ∈ I or m ∈ N.
Example 5.2. The pair (ker signP, ker signHP ) is a prime m-ideal of the W(F)-module
W(A, σ) whenever P ∈ XF \ Nil[A, σ].
The following lemma is immediate.
Lemma 5.3. Let (I, N) be a prime m-ideal of the R-module M. Then I = {r ∈ R | rM ⊆
N}.
Definition 5.4. Let R and S be commutative rings, let M be an R-module and N an
S -module. We say that a pair (ϕ, ψ) is an (R, S )-morphism (of modules) from M to N
if
(1) ϕ : R → S is a morphism of rings (and in particular ϕ(1) = 1);
(2) ψ : M → N is a morphism of additive groups;
(3) for every r ∈ R and m ∈ M, ψ(r · m) = ϕ(r) · ψ(m).
We call an (R, S )-morphism (ϕ, ψ) trivial if ψ = 0. We denote the set of all (R, S )-
morphisms from M to N by Hom(R,S )(M, N) and its subset of non-trivial (R, S )-morph-
isms by Hom∗(R,S )(M, N).
Example 5.5. The pair (signP, signHP ) is a (W(F),Z)-morphism from W(A, σ) to Z and
is trivial if and only if P ∈ Nil[A, σ].
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The following three lemmas are immediate.
Lemma 5.6. Let (ϕ, ψ) be an (R, S )-morphism from M to N. Then (kerϕ, kerψ) is
an m-ideal of the R-module M. Furthermore, (kerϕ, kerψ) is prime if and only if the
ϕ(R)-module ψ(M) is torsion-free.
Lemma 5.7. Let (I, N) be an m-ideal of the R-module M. Then M/N is canonically an
R/I-module, where the product is defined by (r + I) · (m + N) = r · m + N.
Lemma 5.8. Let (I, N) be an m-ideal of the R-module M, and let ϕ : R → R/I and
ψ : M → M/N be the canonical projections. Then (ϕ, ψ) is an (R,R/I)-morphism of
modules. Furthermore, (I, N) is prime if and only if R/I , {0} and M/N is a non-zero
torsion-free R/I-module.
6. Classification of Prime m-Ideals ofW(A, σ)
Let (I, N) be a prime m-ideal of the W(F)-module W(A, σ). By classical results of
Harrison [8] and Lorenz and Leicht [16] on W(F), cf. [12, VIII, 7.5], there are only
three possibilities for I:
(1) I = ker signP for some P ∈ XF ;
(2) I = ker(πp ◦ signP) for some P ∈ XF and prime p > 2, where πp : Z → Z/pZ
is the canonical projection;
(3) I = I(F), in which case I = ker(π2 ◦ signP) for any P ∈ XF .
In this section we will investigate in how far I determines N. In the first two cases
(when 2 < I) N is uniquely determined by I, but in the third case (when 2 ∈ I) this is
not so. We prove three auxiliary results first.
Lemma 6.1. Let P ∈ XF and let h ∈ W(A, σ) be such that signHP h = 0. Then there
exist n ∈ N0 := N ∪ {0} and q ∈ W(F) such that signP q = 2n and q · h ∈ W(A, σ)t,
where W(A, σ)t denotes the torsion subgroup of W(A, σ).
Proof. Let U = (signH h)−1(0). The set U is clopen in XF since the total signature map
signH h is continuous [1, 7.2]. Hence the function χU : XF → Z defined by χU = 1 on
U and χU = 0 on XF \ U is continuous and there are n ∈ N0 and q ∈ W(F) such that
sign q = 2nχU , cf. [12, VIII, 6.10]. It follows that signH(q · h) = sign(q) signH(h) = 0
on XF, and so q · h ∈ W(A, σ)t, by [14, 4.1].
Lemma 6.2. Let ( f , g) ∈ Hom(W(F),Z)(W(A, σ),Z). Then there exists a unique P ∈ XF
such that f = signP and ker signHP ⊆ ker g. In particular, if P ∈ Nil[A, σ], then g = 0.
Proof. The morphism of rings f : W(F) → Z is completely determined by P := {a ∈
F× | f (〈a〉) = 1} ∪ {0}, which is an ordering of F (follow for instance the proof of [12,
VIII, 3.4(2)]). Therefore f = signP.
Let h ∈ ker signHP . By (6.1) there exists n ∈ N0 and q ∈ W(F) such that signP q = 2n
and q · h ∈ W(A, σ)t. Since f = signP, we obtain f (q) , 0 and since g has values in
Z (which is torsion-free), we have 0 = g(q · h) = f (q) · g(h), which implies g(h) = 0.
Therefore ker signHP ⊆ ker g.
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Lemma 6.3. Let (I, N) be an m-ideal of W(A, σ) with N , W(A, σ) and with I =
ker(πp ◦ signP) for some P ∈ XF and prime p. Then (I, N) is prime.
Proof. Since I is a prime ideal of W(F) we only need to check that for q ∈ W(F)
and h ∈ W(A, σ) such that q · h ∈ N we have q ∈ I or h ∈ N. Assume that q < I.
Since W(F)/I is a field, q is invertible modulo I, i.e. there exists q′ ∈ W(F) such that
qq′ = 1 + i with i ∈ I. Hence the assumption q · h ∈ N implies qq′ · h = (1 + i) · h ∈ N
and thus h ∈ N since i · h ∈ I · W(A, σ) ⊆ N.
The case 2 < I.
Lemma 6.4. Let (I, N) be a prime m-ideal of the W(F)-module W(A, σ) such that
2 < I. Then W(A, σ)t ⊆ N.
Proof. Let h ∈ W(A, σ)t. Then there exists n ∈ N such that 0 = 2n · h by [18, 5.1].
Since 0 ∈ N, this implies 2n ∈ I or h ∈ N. Since 2 < I, we obtain h ∈ N.
Proposition 6.5. Let (I, N) be a prime m-ideal of the W(F)-module W(A, σ) with 2 < I.
Then one of the following holds:
(i) There exists P ∈ XF such that (I, N) = (ker signP, ker signHP ).
(ii) There exist P ∈ XF and a prime p > 2 such that
(I, N) = (ker(πp ◦ signP), ker(π ◦ signHP ))
=
(
p · W(F) + ker signP, p · W(A, σ) + ker signHP
)
,
where π : Im signHP → Im signHP /(p · Im signHP ) is the canonical projection.
Proof. We first observe that the ordering P we are looking for cannot be in Nil[A, σ],
since N is a proper submodule of W(A, σ).
We denote by ϕ : W(F) → W(F)/I and ψ : W(A, σ) → W(A, σ)/N the canonical
projections. By (5.8), Imψ is a torsion-free Imϕ-module, where the product is given
by ϕ(q) · ψ(h) = ψ(q · h) for q ∈ W(F) and h ∈ W(A, σ).
We consider the different possibilities for I = kerϕ. By the classification of prime
ideals of W(F) there is a P ∈ XF such that ker signP ⊆ I. Let h ∈ ker signHP . By
(6.1) there exists n ∈ N0 and q ∈ W(F) such that signP q = 2n and q · h ∈ W(A, σ)t.
Since W(A, σ)t ⊆ N by (6.4) we obtain 0 = ψ(q · h) = ϕ(q) · ψ(h). But we know that
I = ker signP or I = ker(πp ◦ signP) for some prime p > 2. Since signP(q) = 2n and
p > 2, we obtain that q < I = kerϕ. Thus ϕ(q) · ψ(h) = 0 implies ψ(h) = 0 by (5.8).
Therefore ker signHP ⊆ N.
We now consider the two possibilities for ϕ:
(i) kerϕ = ker signP. Then Imϕ  Z is a torsion-free abelian group, and it follows
from (5.8) that Imψ is a torsion-free abelian group. Using ker signHP ⊆ kerψ = N, we
obtain
Imψ = W(A, σ)/N  (W(A, σ)/ ker signHP )/(N/ ker signHP ),
where W(A, σ)/ ker signHP  Im signHP is an infinite cyclic group. Since Imψ is torsion-
free, the only possibility is N/ ker signHP = {0}, i.e. N = ker signHP .
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(ii) kerϕ = ker(πp ◦ signP). Then Imϕ is a field with p elements and Imψ =
W(A, σ)/N is an Imϕ-vector space. In particular, for every h ∈ W(A, σ), we have that
p · h ∈ N. Since we also have ker signHP ⊆ N we obtain N0 := p ·W(A, σ)+ ker signHP ⊆
N.
Consider an arbitrary element p · h + h0 ∈ N0 with h ∈ W(A, σ) and h0 ∈ ker signHP .
Then signHP (p · h + h0) = p signHP h and signHP induces an isomorphism N0/ ker signHP 
p · C, where C = Im signHP is an infinite cyclic group. It follows that
W(A, σ)/N0  (W(A, σ)/ ker signHP )/(N0/ ker signHP )  C/(p · C),
and so [W(A, σ) : N0] = p.
Since N/ ker signHP is a subgroup of W(A, σ)/ ker signHP  C, there must exist k ∈ N
such that N/ ker signHP  k · C. It follows that
W(A, σ)/N  (W(A, σ)/ ker signHP )/(N/ ker signHP )  C/(k · C),
which we know to be a vector space over a field with p elements. Thus every non-zero
element of W(A, σ)/N has order p and so px ∈ k · C for all x ∈ C. It follows that k|p.
If k = 1, then N = W(A, σ), a contradiction. Thus k = p and so [W(A, σ) : N] = p.
We conclude that N = N0 = p · W(A, σ) + ker signHP .
Finally, consider the canonical projection π : Im signHP → Im signHP /(p · Im signHP ).
It is not difficult to see that p · W(A, σ) + ker signHP = ker(π ◦ signHP ).
The case 2 ∈ I. Consider a prime m-ideal (I, N) of the W(F)-module W(A, σ) with
2 ∈ I. As observed above we have I = I(F), the fundamental ideal of W(F).
We define I(A, σ) to be the submodule of all equivalence classes in W(A, σ) of forms
of even rank, cf. [2, 2.2] or [6, §3.2.1]. Observe that if A is a division algebra, then
I(A, σ) is additively generated by the forms 〈1, a〉σ for a ∈ Sym(A, σ)× since every
form can be diagonalized. Recall from [6, §3.2.1]:
Lemma 6.6. I(A, σ) has index 2 in W(A, σ).
Proof. Since the rank is invariant under Morita equivalence, we may assume that A
is a division algebra, in which case the result follows immediately from the fact that
〈a〉σ = 〈b〉σ mod I(A, σ) for every a, b ∈ Sym(A, σ)×.
Proposition 6.7. A pair (I(F), N) is a prime m-ideal of W(A, σ) if and only if N is a
proper submodule of W(A, σ) with I(F) · W(A, σ) ⊆ N.
Proof. Take p = 2 in (6.3).
We thus see that in contrast to the 2 < I case, N is not uniquely determined by I,
since there are in general several proper submodules N of W(A, σ) containing I(F) ·
W(A, σ). Obviously one such submodule is I(F) ·W(A, σ) itself, and I(A, σ) is another
one. The following example shows that in general these modules are distinct.
Example 6.8. Let F = R((x))((y)) be the iterated Laurent series field in the unknowns
x and y over the field of real numbers. Let D = (x, y)F be the quaternion algebra
with F-basis (1, i, j, k) such that i2 = x, j2 = y and i j = k = − ji. Let σ be the
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orthogonal involution on D that sends i to −i and that fixes the other basis elements.
Let v : F → Z × Z be the standard (x, y)-adic valuation on F (see for instance [20,
Chapter 3]). Note that F is Henselian with respect to v and has residue field R. An
application of Springer’s theorem shows that the norm form 〈1,−x,−y, xy〉 of D is
anisotropic (we obtain four residue forms of dimension 1 over R, that are necessarily
anisotropic). Hence D is a division algebra, cf. [12, III, 4.8].
Since F is Henselian, the valuation v extends uniquely to a valuation on D (see [17,
Thm. 2]), which we also denote by v. We use standard notation with F and D standing
for the residue field of F and the residue division algebra of D, respectively, and with
ΓF := v(F×) and ΓD := v(D×).
We now claim that D is isomorphic to R. The proof of this claim goes as follows:
From the definition of v, it is clear that ΓD contains 12Z × 12Z, hence [ΓD : ΓF] ≥ 4.
But [D : F] = 4 and it readily follows from Draxl’s “Ostrowski Theorem” (see [9,
Equation 1.2]) that D = F (and [ΓD : ΓF] = 4, so ΓD = 12Z × 12Z).
Now a system of representatives of the set v(Sym(D, σ)×) in ΓD/2ΓD is given by{
(0, 0), (0, 12), (12 , 12 )
}
, corresponding to the set of uniformizers {1, j, k}, and by [13, Thm.
3.7] we obtain that
W(D, σ)  W(D, id) ⊕ W(D, id) ⊕ W(D, id)
 W(R) ⊕ W(R) ⊕ W(R)
 Z ⊕ Z ⊕ Z,
(3)
where the first isomorphim is obtained by computing the residue forms correspond-
ing to the three uniformizers. We use this description of W(D, σ) to compute I(F) ·
W(D, σ). Let λ denote the isomorphism W(D, σ)  Z ⊕ Z ⊕ Z given by (3). Since
I(F) is additively generated by the forms 〈1, a〉 for a ∈ F× and W(D, σ) is additively
generated by the diagonal forms of dimension one (since D is division), we only have
to consider the forms 〈1, a〉 · 〈α〉σ = 〈α, aα〉σ for a ∈ F× and α ∈ Sym(D, σ)×. Since
v(a) ∈ ΓF = Z × Z we have v(aα) = v(a) + v(α) ∈ v(α) + 2ΓD = v(α) + Z × Z.
It follows that the form 〈α, aα〉σ only gives rise to one residue form in W(D, id) 
W(R)  Z. This residue form has dimension 2 and belongs to I(R)  2Z. Therefore
λ
(
I(F) · W(D, σ)) ⊆ 2Z ⊕ 2Z ⊕ 2Z, and taking α successively equal to 1, j and k, we
see that λ
(
I(F) · W(D, σ)) = 2Z ⊕ 2Z ⊕ 2Z, i.e.
I(F) · W(D, σ) = 2W(D, σ)  2Z ⊕ 2Z ⊕ 2Z.
In particular I(F) ·W(D, σ) has index 8 in W(D, σ) and thus cannot be equal to I(D, σ)
which has index 2 in W(D, σ) by (6.6).
Since there may be several proper submodules of W(A, σ) containing I(F) ·W(A, σ),
it is interesting to see if one of them can be singled out by a particular property. We
present one such property below as an example, but other, more natural ones, may very
well exist.
In the remainder of this section we distinguish between hermitian forms h over
(A, σ) and their classes [h] in W(A, σ). By the structure theory of F-algebras with
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involution and Morita theory, there exist n ∈ N and an F-division algebra with in-
volution (D, ϑ) such that W(A, σ)  W(Mn(D), ϑt). Since rank modulo 2 is a Witt
class invariant and since we will examine forms of even rank we may also assume for
convenience of notation that (A, σ) = (Mn(D), ϑt).
For a ∈ Sym(D, ϑ)× we define the hermitian form
ha : Dn × Dn −→ Mn(D), (x, y) 7−→ ϑ(x)tay
(where x and y are considered as 1 × n matrices), which is of rank one over (A, σ).
Let ξ be the bijection between hermitian forms over (A, σ) and hermitian forms over
(D, ϑ) induced by Morita equivalence, as described in [15]. Then ξ(ha) = 〈a〉ϑ.
For every a ∈ Sym(D, ϑ)× we define a set of hermitian forms over (A, σ) by
Fa := {hai1 ⊥ · · · ⊥ haiℓ | ℓ ∈ N and i1, . . . , iℓ ∈ N0},
where ⊥ denotes the usual orthogonal sum of forms. Let η1 = hai1 ⊥ · · · ⊥ haik and
η2 = ha j1 ⊥ · · · ⊥ ha jℓ be in Fa. We define
η1 ⊠ η2 :=
k⊥
p=1
ℓ⊥
q=1
haip+ jq ,
which is again an element of Fa.
Observe that ha ⊥ h−a and h1 ⊥ h−a2 are hyperbolic. Indeed, they are mapped by ξ
to the forms 〈a,−a〉ϑ and 〈1,−a2〉ϑ  〈1,−1〉ϑ (since a = ϑ(a)), respectively, which are
both hyperbolic.
Observe also that I(A, σ) is additively generated by the classes [h1 ⊥ ha] for a ∈
Sym(D, ϑ)× since ξ(I(A, σ)) = I(D, ϑ).
Lemma 6.9. Let a ∈ Sym(D, ϑ)× and let η1, η2 ∈ Fa be such that [η1 ⊠ η2] ∈ I(A, σ).
Then [η1] ∈ I(A, σ) or [η2] ∈ I(A, σ).
Proof. Write η1 = hai1 ⊥ · · · ⊥ haik and η2 = ha j1 ⊥ · · · ⊥ ha jℓ . Then rank η1 = k,
rank η2 = ℓ and rank(η1⊠η2) = kℓ. Since [η1⊠η2] ∈ I(A, σ) and Witt equivalence does
not change the parity of the rank of forms we know that 2 divides kℓ and the result
follows.
Proposition 6.10. Let (I, N) be a prime m-ideal of the W(F)-module W(A, σ) such that
2 ∈ I. Then N = I(A, σ) if and only if for every a ∈ Sym(D, ϑ)× and every η1, η2 ∈ Fa
[η1 ⊠ η2] ∈ N implies [η1] ∈ N or [η2] ∈ N.
Proof. The necessary direction is (6.9). For the sufficient direction we will show that
I(A, σ) ⊆ N, and the result will follow since [W(A, σ) : I(A, σ)] = 2 and N is a proper
submodule of W(A, σ). Let a ∈ Sym(D, ϑ)×. Since 2 ∈ I we have [2 · ha] ∈ N,
i.e. [ha] = [−ha] = [h−a] mod N. Furthermore, [(h1 ⊥ ha) ⊠ (h1 ⊥ h−a)] = [h1 ⊥
h−a ⊥ ha ⊥ h−a2] = 0 ∈ N. Therefore [h1 ⊥ ha] ∈ N or [h1 ⊥ h−a] ∈ N, i.e.
[h1 ⊥ ha] ∈ N since [ha] = [h−a] mod N. Since I(A, σ) is additively generated by the
classes [h1 ⊥ ha], we conclude that I(A, σ) ⊆ N.
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Other results linking orderings on F and ideals in the context of Witt groups of
quadratic field extensions and quaternion division algebras can be found in [7].
7. Canonical Identification of H-Signatures andMorphisms into Z
Lemma 7.1. Let ρ, τ : W(A, σ) → Z be two surjective morphisms of abelian groups
such that ker τ = ker ρ. Then there exists ε ∈ {−1, 1} such that ρ = ετ.
Proof. Let N := ker τ, and let h ∈ W(A, σ) be such that τ(h) = 1. Then W(A, σ) =
Z · h+N, and ρ(W(A, σ)) = Z · ρ(h). Since ρ is surjective we obtain ρ(h) = ε ∈ {−1, 1}.
So for h′ = k · h + n with k ∈ Z and n ∈ N, we have τ(h′) = k and ρ(h′) = εk.
Definition 7.2. Let (ϕ, ψ1) and (ϕ, ψ2) be (R, S )-morphisms of modules from M to
N1 and N2 repectively. We say that (ϕ, ψ1) and (ϕ, ψ2) are equivalent if there is an
isomorphism of Imϕ-modules ϑ : Imψ1 → Imψ2 such that ψ2 = ϑ ◦ ψ1.
Lemma 7.3. Let ( f , g) be a non-trivial (W(F),Z)-morphism from W(A, σ) to Z. Then
there exists P ∈ XF \ Nil[A, σ] such that ( f , g) and (signP, signHP ) are equivalent.
Proof. As seen in the proof of (6.2), f = signP for some P ∈ XF . By (5.6) (ker f , ker g)
is a prime m-ideal of the W(F)-module W(A, σ). It then follows from (6.5) that
ker signHP = ker g. Since g , 0, P < Nil[A, σ] and there is an isomorphism of abelian
groups ρ : Im g → Z. Let τ : Im signHP → Z be an isomorphism of abelian groups.
Then ρ ◦ g and τ ◦ signHP are surjective morphisms of abelian groups from W(A, σ)
to Z and by (7.1) there exists ε ∈ {−1, 1} such that ρ ◦ g = ε(τ ◦ signHP ). Therefore
g = ϑ ◦ signHP , where ϑ = ε(ρ−1 ◦ τ) : Im signHP → Im g is an isomorphism of groups
and therefore an isomorphism of Z-modules. So ( f , g) and (signP, signHP ) are equivalent
by (7.2).
As a consequence we obtain that H-signatures can be canonically identified with
equivalence classes of (W(F),Z)-morphisms from W(A, σ) to Z, more precisely:
Proposition 7.4. There is a bijection between the pairs (signP, signHP ) for P ∈ XF \
Nil[A, σ] and the equivalence classes of non-trivial (W(F),Z)-morphisms of modules
from W(A, σ) to Z, given by
{(signP, signHP ) | P ∈ XF \ Nil[A, σ]} −→ Hom∗(W(F),Z)(W(A, σ),Z)/∼
(signP, signHP ) 7−→ (signP, signHP )/∼
Proof. By (7.3) we know that this map is surjective, and it is injective since assuming
(signP, signHP )/∼ = (signQ, signHQ)/∼ implies signP = signQ, and thus P = Q.
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